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Hard exclusive production of two pions: Dipion mass distributions in
γ∗N → pipiN and γ∗γ → pipi
M.V. Polyakov a ∗
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and
Institut fu¨r Theoretische Physik II, Ruhr–Universita¨t Bochum, D–44780 Bochum, Germany
The leading twist parametrization of dipion mass distribution in hard exclusive reactions is proposed. Its
parameters are related to quark distributions (usual and skewed) in the pion and to distributions amplitudes
of mesons (pi, ρ, etc.). We show that measurements of the shape of dipion mass distribution in hard exclusie
reactions can give important information about partonic structure of the pion. The expression for the amplitude
of the reaction γ∗γ → pipi near the threshold in terms of singlet quark distribution in the pion is presented.
1. Dipion mass distribution in
γ∗ + p→ pi+pi− + p
Recently it became possible to measure with
good precision two pion hard exclusive produc-
tion in the deeply virtual photon fragmentation
region in the range of dipion masses 0.4 ≤ mpipi ≤
1.5 GeV (see talks at this conference [ 1] and refs. [
2, 3]).
Owing to QCD factorization theorem for hard
exclusive reaction [ 4] the dependence of the am-
plitude of the reactions
γ∗L + T → pipi + T
′ (1)
on the dipion mass mpipi factorizes at leading or-
der into the universal (independent of the target)
factor:∫ 1
0
dz
z
ΦI(z, ζ,mpipi;Q
2) . (2)
Here ΦI(z, ζ,mpipi;Q
2) is two-pion light cone dis-
tribution amplitude (2piDA), which depends on
z–longitudinal momentum carried by the quark,
ζ characterizing the distribution of longitudinal
momentum between the two pions, and the in-
variant mass of produced pions mpipi, superscript
I stands for isospin of produced pions (I = 0, 1).
The dependence on the virtuality of the incident
photon Q2 is governed by the evolution equation.
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The 2piDA’s were introduced recently in [ 5] in
the context of the QCD description of the process
γ∗γ → 2pi, its detailed properties were studied in
[ 6], we refer to these papers for details.
For the process (1) at small xBj (see e.g. recent
measurements [ 2, 3]) the production of two pi-
ons in the isoscalar channel is strongly suppressed
relative to the isovector channel, because the for-
mer is mediated by C-parity odd exchange. At
asymptotically large Q2 QCD predicts the follow-
ing simple form for the isovector 2piDA [ 7, 6]:
ΦI=1as (z, ζ,mpipi) = 6z(1− z)(2ζ − 1)Fpi(mpipi) , (3)
where Fpi(mpipi) is the pion e.m. form factor mea-
sured with high precision in low energy experi-
ments [ 8]. From eqs. (2,3) we conclude that at
asymptotically largeQ2 QCD predicts unambigu-
ously the shape of the dipion mass distribution:
dN(mpipi)
dm2pipi
∝
(
1−
4m2pi
m2pipi
)3/2
|Fpi(mpipi)|
2 . (4)
At non-asymptotic Q2 the 2piDA deviates from
its asymptotic form (3). This deviation can be
described by a few parameters which can be re-
lated to quark distributions (skewed and usual) in
the pion and to distribution amplitudes of mesons
(piρ, etc. ), for details see [ 6]. In this case we pro-
pose the following parametrization of dipion mass
2distribution:
dN(mpipi)
dm2pipi
∝
(
1−
4m2pi
m2pipi
)3/2
|Fpi(mpipi)|
2
×
(
1 +D1(mpipi, Q
2)
)2
(5)
+
3
7
(
1−
4m2pi
m2pipi
)7/2
|D2(mpipi, Q
2)|2,
where the functions D1,2(mpipi, Q
2) describe the
deviation of the dipion mass distribution from its
asymptotic form (4) and can be parametrized in
the form:
D1(mpipi , Q
2) = C1(Q
2)eb1m
2
pipi
−
6m2pi
m2pipi
C2(Q
2)eb2m
2
pipi (6)
D2(mpipi , Q
2) = C2(Q
2)eb3m
2
pipi .
The dependence of C1,2(Q
2) on Q2 is governed by
the QCD evolution and in leading order is given
by:
C1,2(Q
2) = C1,2(µ0)
(
αs(Q
2)
αs(µ0)
)50/(99−6nf )
. (7)
With increasing of Q2 the parameters C1,2(Q
2)
go logarithmically to zero and one reproduces the
asymptotic formula (4).
The parameters bi are Q
2 independent but, in
principle, mpipi dependent. The latter dependence
is fixed by pipi scattering phase shifts, see [ 6].
In derivation of eq. (6) we neglect the produc-
tion of pions in G-waves and higher because it is
suppressed by powers of 1/ log(Q2).
Interestingly that the parameters C1,2(µ0) and
bi can be related to important parameters of
quark distributions in the pion and meson distri-
bution amplitudes [ 6]. Using soft pion theorems
for 2piDA’s [ 6] one can express the second Gegen-
bauer moment of pion distribution amplitude in
terms of C1,2(µ0):
a
(pi)
2 (µ0) = C1(µ0) + C2(µ0) . (8)
If one additionally uses the dispersion relation de-
rived in [ 6] one gets the expression for the second
Gegenbauer moment of ρ-meson distribution am-
plitude:
a
(ρ)
2 (µ0) ≈ C1(µ0) exp(b1m
2
ρ) . (9)
The crossing relations [ 6] (see also [ 9, 10]) al-
low to relate the parameter C2(µ0) to the third
Mellin moment of quark distribution in the pion
at normalization point µ0∫ 1
0
dx x2(upi
+
(x)− u¯pi
+
(x)) =
6
7
C2(µ0) . (10)
In analysis of experiments on two pion diffrac-
tive production off nucleon (see e.g. [ 2, 3]) the di-
pion mass distribution is usually fitted by, for ex-
ample, So¨ding parametrization, which takes into
account rescattering of produced pions on final
nucleon. Let us note however that in the case
of hard (Q2 → ∞) diffractive production the fi-
nal state interaction of pions with residual nu-
cleon is suppressed by powers of 1/Q2 relative to
the leading twist amplitude. Also the parame-
ters of So¨ding (or Ross-Stodolsky) parametriza-
tion are not related to any fundamental parame-
ter of QCD. Here we proposed alternative leading-
twist parametrization (6) describing the so-called
“skewing” of two pion spectrum. The advan-
tage of our parametrization is that its parame-
ters can be related to fundamental quantities in
QCD: quark distributions in the pion and meson
distribution amplitudes.
2. Reaction γ∗γ → pipi near threshold
Another example of hard exclusive reaction
where the 2piDA enters is the reaction γ∗γ → pipi
with Q2 of the photon large and the invariant
mass of produced pions is small. In refs. [ 5, 11]
it was demostrated that this process is amenable
to QCD description. The amplitude in the lead-
ing order can be expressed in terms of isoscalar
2piDA [ 5]:
Mµν =
∑
f
e2f g
⊥
µν
∫ 1
0
dz
z
ΦI=0(z, ζ,mpipi;Q
2) . (11)
Using the crossing relations and soft pion theo-
rems we derive the expression for the amplitude
Mµν close to the threshold mpipi = 2mpi in terms
3of singlet quark distribution in the pion. To this
end we make one additional approximation: that
production of two pions in the state with angular
momentum l is dominated by the operators with
conformal spin l − 1 and l + 1. The higher Q2
the more this approximation is justified, see for
details [ 12]. The final expression for the integral
over z entering eq. (11) has the form:∫ 1
0
dz
z
ΦI=0(z, ζ,mpipi ≈ 2mpi) =∫ 1
0
dx
x
Q(x)
(
1− x2√
(1 + x)2 − 4ζx
+
1− x2√
(1− x)2 + 4ζx
− 2
)
, (12)
where the function Q(x) is related to the singlet
quark distribution in the pion:
Q(x) = 2qpi(x) − x
∫ 1
x
dy
y2
qpi(y) ,
with
qpi(x) =
1
Nf
∑
f
(qf (x) + q¯f (x))
Note that the normalization points of qpi(x) and
ΦI=0(z, ζ,mpipi) are the same.
Using the eq. (12) and dispersion relations de-
rived in ref. [ 6] we can write the following expres-
sion for the amplitude (11) keeping only S− and
D− waves:
Mµν =
5
9
e2g⊥µν
[
A0 f0(mpipi)e
iδ00(mpipi) P0(cos θcm)+
A2 f2(mpipi)e
iδ02(mpipi) P2(cos θcm)
]
, (13)
where the A0 and A2 are given in terms of singlet
quark distribution in the pion. For A0 we give
the full expression:
A0 = −
1
β
∫ 1
0
dxQ(x)
(
2β
x
+ (14)
1− x2
x2
(
√
1− 2βx+ x2 −
√
1 + 2βx+ x2)
)
,
where β is the velocity of produced pion in centre
of mass frame
β =
√
1−
4m2pi
m2pipi
.
The scattering angle in c.m. frame is:
cos θcm =
2ζ − 1
β
.
In two limiting cases: nonrelativistic pions
(β → 0) and ultrarelativistic (β → 1) that we
have for A0:
A0 =
∫ 1
0
dxQ(x)
{
2
x (
1−x2√
1+x2
− 1) β → 0
−2x β → 1
The full expression for A2 is more complicated
and we give here only its limiting cases:
A2 =
∫ 1
0
dxQ(x)
{
2x(1−x2)
(1+x2)5/2
β2 β → 0
2x(1− x2) β → 1
The functions f0,2(mpipi) in eq. (13) can be re-
lated to pipi phase shifts δ00(mpipi) and δ
0
2(mpipi)
using Watson theorem and dispersion relations
derived in [ 6]:
log fl(mpipi) = (15)
m2pipi
(
bl +
m2pipi
pi
Re
∫ ∞
4m2pi
ds
δ0l (s)
s2(s−m2pipi − i0)
)
,
where the constants bl can be estimated using
low-energy models of QCD. For example, the esti-
mate in the instanton model of the QCD vacuum
gives [ 6]
b0 = b2 =
Nc
48pi2f2pi
≈ 0.73 GeV−2 .
Let us note that the expression (16), strictly
speaking, is valid only in the elastic region
(4m2pi ≤ m
2
pipi ≤ 16m
2
pi). It is rather easy to extend
its range of applicability including the contribu-
tions of higher intermediate states (probably the
most important is the contribution of KK¯) in the
dispersion relations.
43. Conclusions
We showed on two examples of hard exclusive
reactions that the measurements of the shape of
dipion mass distributions in these reactions can
provide us with important information on par-
tonic structure of the pion and two-pion reso-
nances.
REFERENCES
1. See talks at this conference by B. Clerbaux,
J. Crittenden, A. Savin and A. Borissov.
2. J. Breitweg et al. (ZEUS Collaboration), Eur.
J. Phys. C6 (1999) 603.
3. C. Adolff et al. (H1 Collaboration), DESY-
99-010, hep-ex/9902019.
4. J. Collins,L. Frankfurt, and M. Strikman,
Phys. Rev. D56 (1997) 2982.
5. M. Diehl, T. Gousset, B. Pire and O. Teryaev,
Phys. Rev. Lett. 81 (1998) 1782.
6. M.V. Polyakov, Nucl. Phys.B555 (1999) 231;
hep-ph/9809483.
7. M.V. Polyakov and C. Weiss, Phys. Rev. D59
(1999) 091502.
8. L.M. Barkov, et al., Nucl. Phys. B256 (1985)
365.
9. M.V. Polyakov, Talk given at the confer-
ence “Particle and Nuclear Physics with CE-
BAF at Jefferson Lab”, Dubrovnik, Nov. 3–
10, 1998, Preprint RUB-TPII-02/99, hep-
ph/9901315.
10. M.V. Polyakov and C. Weiss, Preprint RUB-
TPII-01/99, hep-ph/9902451.
11. A. Freund, hep-ph/9903489.
12. M.V. Polyakov, A.V. Shuvaev, in prepara-
tions.
